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Abstract. We extend bar-cobar duality, defined for operads of chain complexes by Getzler and 
Jones, to operads of spectra in the sense of stable homotopy theory. Our main result is the existence 
of a Quillen equivalence between the category of reduced operads of spectra (with the projective 
model structure) and a new model for the homotopy theory of cooperads of spectra. The crucial 
construction is of a weak equivalence of operads between the Boardman-Vogt VK-construction for 
an operad P, and the cobar-bar construction on P. This weak equivalence generalizes a theorem 
of Berger and Moerdijk that says the W- and cobar-bar constructions are isomorphic for operads 
of chain complexes. 

Our model for the homotopy theory of cooperads is based on 'pre-cooperads'. These can be 
viewed as cooperads in which the structure maps are zigzags of maps of spectra that satisfy co- 
herence conditions. Our model structure on pre-cooperads is such that every object is weakly 
equivalent to an actual cooperad, and weak equivalences between cooperads are detected in the 
underlying symmetric sequences. 

We also interpret our results in terms of a 'derived Koszul dual' for operads of spectra, which 
is analogous to the Ginzburg-Kapranov dg-dual. We show that the double derived Koszul dual of 
an operad P is equivalent to P (under some finiteness hypotheses) and that the derived Koszul 
construction preserves homotopy colimits, finite homotopy limits and derived mapping spaces for 
operads. 



In an influential paper |15] . Ginzburg and Kapranov describe various types of duality for operads 
of differential graded vector spaces. For such an operad P, they define a 'dg-dual' D(P) such that 
the double dg-dual D(D(P)) is quasi-isomorphic to the original operad P (under the condition that 
the terms in the operad P are finite-dimensional vector spaces). The same authors define a 'Koszul 
dual' P' for quadratic operads and show that under certain conditions, P' is quasi-isomorphic to 
D(P). In this case, we can think of D(P') as a 'small' cofibrant replacement for P. Algebras over 
the operad D(P') play the role of 'P-algebras up to homotopy'. 

These definitions generalize the bar-cobar duality for algebras and coalgebras discovered by Moore 
[23], as well as Priddy's notion of Koszul duality for algebras [23]. They also illuminate the rela- 
tionship between Quillen's models for rational homotopy theory [25]. Getzler and Jones, in [14] . 
restated the Ginzburg-Kapranov results in a way that makes the analogy with Moore's work more 
striking. They describe a bar construction that takes operads to cooperads and, dually, a cobar 
construction that takes cooperads to operads. These functors are adjoint and determine an equiv- 
alence of homotopy categories between augmented operads and connected coaugmented cooperads 
of differential graded vector spaces [HI 2.17]. 

The main aim of this paper is to establish an analogous equivalence for operads and cooperads 
of spectra. In previous work |7], we described analogues of the bar and cobar constructions for 
operads in any symmetric monoidal category suitably enriched over topological spaces. We prove 
the following result. 



This work was supported in part by NSF Grant DMS-0968221. 



2 



MICHAEL CHING 



Theorem. There is a Quillen equivalence of the form 

B 

Operad ^ PreCooperad 

c 

where: 

• Operad is the category of reduced operads of spectra with the projective model structure; 

• PreCooperad is a new model category that contains the reduced cooperads as a full subcate- 
gory, and for which every object is weakly equivalent to a cooperad; 

• C is an extension of the cobar construction to all pre- cooperads; 

• the bar construction is weakly equivalent to the left derived functor o/B. 

The cofibrant-fibrant objects in PreCooperad can be thought of as cooperads in which the structure 
maps involve inverse weak equivalences in a coherent way. We call these 'quasi-cooperads'. The 
homotopy category of PreCooperad can be identified with that of these 'quasi-cooperads' with weak 
equivalences detected in the underlying symmetric sequences. 

Note that in contrast to the adjunction studied by Getzler and Jones, the cobar construction is the 
right adjoint of the Quillen pair. 

The key step in the proof that B and C form a Quillen equivalence can be stated without mentioning 
pre-cooperads and is of interest in its own right. This is the construction of a weak equivalence of 
operads 

e : WP ^ CBP 

where WP denotes the Boardman-Vogt W^-construction j2] for the operad P, and B and C are 
the bar /cobar constructions of [7]. This generalizes a result of Berger and Moerdijk [3] that says 
WP and CBP are isomorphic for an operad P of chain complexes. The definition of 9 involves 
detailed consideration of certain simplicial sets associated to categories of trees. (See 12.101 ) We 
prove that is a weak equivalence by reducing to the case of trivial operads for which the bar-cobar 
construction can be explicitly evaluated. 

We also use Spanier- Whitehead duality to state some of our results purely in terms of operads. 
For an operad P of spectra, we define a new operad KP to be the Spanier- Whitehead dual of the 
cooperad BP. Thus KP is the analogue of Ginzburg and Kapranov's dg-dual D(P). Using the 
map 6 we show that, if the terms of P are weakly equivalent to finite cell spectra, there is a natural 
equivalence of operads 

K{K{P)) ~ P. 

We also discuss the effect of the functor K on homotopy limits and colimits, and on mapping 
objects for operads. In particular, we prove that, for termwise-finite operads P and P\ 

H^Operad(-P,^") ^ ^^Qper^K P' , K P) . 

where Homoperad(— j — ) denotes the derived mapping space for operads of spectra. 

Our main example of this theory concerns Goodwillie's calculus of functors |16j . In [T] we proved 
that 

where (?*(E°°J7°°) is an operad formed by the Spanier- Whitehead duals of the Goodwillie derivatives 
of the functor 

: Spec ^ Spec 
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and 5*/ is an operad formed by the derivatives of the identity functor on based spaces. We now 
deduce also that 

K{dJ) ~ 

In S|5] we conjecture that a similar pair of dual operads exists for the identity functor on other 
categories in which one can do Goodwillie calculus. 

One note: we work in this paper only with operads of spectra, where by spectra we really mean 
the S-modules of EKMM [9]. However, many of our constructions can be made in any pointed 
symmetric monoidal model category C suitably enriched over simplicial sets. If the projective 
model structure on operads in C exists then there is a Quillen adjunction as in the Theorem. If 
the model structure on C is stable then this adjunction is a Quillen equivalence. In particular, our 
main Theorem applies also to operads of symmetric or orthogonal spectra. 

Summary of the paper. In 3I]we fix some of our notation for operads and describe the Boardman- 
Vogt M^-construction. The key step of the paper appears in ^ where we construct the map of 
operads : WP — t- CBP and show, in Theorem 12.151 that it is a weak equivalence. 

We prove our main result in ^ We introduce the category of pre-cooperads and its model structure. 
We describe the left adjoint B of the cobar construction and show that B and C form a Quillen 
equivalence. We then identify the cofibrant-fibrant objects in this model structure with 'quasi- 
cooperads' and show that weak equivalences between quasi-cooperads are detected termwise on the 
underlying symmetric sequences. In S|4]we use Spanier- Whitehead duality to reinterpret our results 
in terms of a 'derived Koszul dual' functor from operads to operads. 

In ^we discuss the example of bar-cobar duality that arises in Goodwillie calculus and make various 
conjectures for other examples motivated by Koszul duality results on the algebraic level. These 
include conjectures for the duals of the stable little n-discs operads, and for the operad formed by 
the Deligne-Mumford compactifications of moduli spaces of Riemann surfaces with marked points. 

The final section ^ concerns a generalization of a result of [1] needed in the proof that the map 
9 : WP — )■ CBP is a weak equivalence. 
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other topics. Motivation for writing this paper came from joint work with Greg Arone, and results 
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advice he has provided over the past few years. I'd like to thank the organizers and participants 
of the Workshop on Operads and Homotopy Theory in Lille in August 2010 for the opportunity to 
present some of the results of this paper, and for some useful feedback. Finally, thanks to a referee 
for corrections and suggestions for improvement. 
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1. Operads of spectra and the VF-CONSTRUCTION 

We work in the category of 5'-modules described by EKMM [9], which we denote by Spec. We refer 
to objects in Spec as spectra rather than S'-modules. Much of this theory could be developed for 
other models of stable homotopy theory, and in a wider context of simplicial symmetric monoidal 
model categories, or indeed other types of enriched model categories, such as over chain complexes. 
It is convenient for us, however, that all objects of Spec are fibrant, so we restrict to the EKMM 
case El 

In this section, we recall the definition of an operad in the category Spec, and describe the W- 
construction of Boardman-Vogt [S] in this context. 

Definition 1.1 (Symmetric sequences). Let Y. denote the category of nonempty finite sets and 
bijections. A symmetric sequence A, in Spec, is a functor yl : H — > Spec. We denote the category 
of such symmetric sequences and their natural transformations by Spec^. 

Equivalently, one can view a symmetric sequence j4 as a sequence A(l), A(2), ... of spectra together 
with a (right) action of the symmetric group S„ on A{n), for each n. The connection between these 
two viewpoints is that A(n) represents the value of A on the finite set {1, . . . , n}. 

Definition 1.2 (Operads). An operad P in Spec consists of a symmetric sequence P together with 
composition maps, for each finite disjoint union of nonempty finite sets / = Ujgj-^j" 

P{f) : P{J) A l\ P{I,) ^ P{I) 

and a unit map t] : S ^ -P(l) where S is the sphere spectrum (i.e. the unit object for the smash 
product) and -P(l) denotes the value of P on the one-element set {!}. These maps satisfy standard 
naturality, associativity and unitivity conditions (see [71 2.2]). 

An operad is reduced if the unit map i] is an isomorphism between S and -P(l). In this paper 
we consider only reduced operads. A morphism P — ?• P' of reduced operads consists of a natural 
transformation between the symmetric sequences P and P' that commutes with the composition 
and unit maps. We thus obtain a category Operad of reduced operads in Spec. 

In [U Appendix], we showed that Operad is enriched, tensored and cotensored over the category 
sSet* of pointed simplicial sets, and that it has a cofibrantly generated simplicial model structure, 
in which weak equivalences and fibrations are defined termwise. We refer to this as the projective 
model structure on the category of operads. 

Examples 1.3. (1) If V is an operad of unbased topological spaces (with respect to cartesian 
product), then we get an operad Ti'^V in Spec from 

(S~P)(/) := S°°P(/) + 

with composition maps determined from those of V by the isomorphisms 

s~(x X y)+ ^ T,°°x+ A s~y+. 

For example, we have a stable associative operad Ass given by 

Ass(/) = S^(S,) 

"'^Specifically, we use this condition to show that the cobar construction preserves weak equivalences between all 
cooperads in Proposition 12.141 This allows us to form a homotopy-invariant cobar-bar construction CBP for an 
operad P. The machinery of ^ could be used to circumvent this as it allows us to take a fibrant replacement for BP 
(in the C-model structure on pre-cooperads described in Proposition 13. 12]) . 
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where S/ is the symmetric group on the set /, and whose algebras are non-unital associative 
S'-algebras, and a stable commutative operad Com given by 



for all I, whose algebras are non-unital commutative S'-algebras. 

(2) In [7j, we show that there is an operad d^,I in spectra whose n}^ term is equivalent 
equivariantly) to the n^^ Goodwillie derivative of the identity functor / on based spaces. The 
associated homology operad H^:{d^I) is closely related to the Lie operad for graded vector spaces. 
The main motivation for this paper comes from joint work between the author and Greg Arone [1] 
on the relevance of the bar construction for operads in Goodwillie's calculus of functors. 

(3) Let G be a topological group. For an operad V in the symmetric monoidal category of unbased 
G-spaces, Westerland [27] constructs interesting operads V^^ and VbCi in spectra, that he calls the 
homotopy fixed point operad and transfer operad, respectively. In particular, if V is the little 2-discs 
operad V2, and G = S^, then the transfer operad {T)2)bs^ is a spectrum-level version of the 'gravity' 
operad considered by Getzler [12] and Ginzburg-Kapranov [15]. (See also Kimura-Stasheff-Voronov 



We now turn to the development of the various constructions for operads that this paper is about. 
We use certain categories of labelled rooted trees to make these constructions, so we recall those, 
following much of the terminology of [TJ §3]. 

Definition 1.4 (Trees). Let / be a nonempty finite set. An I-tree T is a finite directed non-planar 
tree with a single terminal vertex (the root) and a bijection between I and the set of initial vertices 
(the leaves). The root has exactly one incoming edge, the root edge, and no outgoing edge. Each 
leaf has exactly one outgoing edge, a leaf edge, and no incoming edges. The other vertices (the 
internal vertices) have exactly one outgoing edge and at least two incoming edges. For smallness- 
sake, we restrict the vertices of our trees to lie in some fixed countable set such as N. Thus there 
is only a set of /-trees for any given /. 

An isomorphism of I-trees is a bijection between directed graphs that preserves the labelling of 
the leaves. If such an isomorphism exists, it is unique. For /-trees T, U, we say that T < U if 
T is isomorphic to a tree obtained by contracting some set of internal edges in U . This relation 
determines a preorder on the set of /-trees, that is, makes that set into a category in which each 
set of morphisms has at most one element. We denote this category by T(/)0 




For each nonempty finite set /, there is an /-tree with no internal edges, that is unique up to 
isomorphism. We denote a choice of such tree by r/. The tree r/ is an initial object in T(/). If 
/ has only one element, then r/ has no internal vertices and is the only element of T(/), up to 
isomorphism. For an edge e in an /-tree T, we write T/e for the /-tree obtained by contracting the 
edge e and identifying its endpoints to a new vertex. 

A bijection a : / ^ /' determines an isomorphism of categories 



We could construct this category more intrinsically by defining a morphism of /-trees to be a surjective function 
on the vertices of the trees that takes edges either to edges or to single vertices, and that preserves the labelling. If 
such a morphism exists between two /-trees then it is unique. In fact, this choice of morphisms produces the opposite 
of the category T(/). We reverse the direction to preserve the connection with the notation of [7] and so that T < U, 
in the preorder, when T has fewer vertices than U. 



Com(/) = S, 



m 2.5].) 




a, : T(/) ^ T(/') 
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where cr^T has the same underlying tree as T, with a leaf labelled by i in T, instead labelled by 
a{i) in cj^=T. We refer to as the relabelling functor associated to a. In particular a permutation 
of / determines a relabelling functor from T(/) to itself. 

The following definitions play a particularly important role in this paper. First, if t is an internal 
vertex of the /-tree T, we write It for the set of incoming edges of t. If U is another /-tree with 
U >T, then we can partition the vertices of U according to the vertices of T that they are identified 
with when collapsing edges in U to form T. For the internal vertex t of T, we write Ut for the 
fragment of the tree U formed by those vertices that collapse to t. The tree Ut is naturally labelled 
by the set It. The following diagram illustrates this notation. 




T U 

Ut' 

Definition 1.5 (Grafting trees). Let T be an /-tree, U a J-tree and let i £ I. The grafted tree 
TDiU is given by identifying the root edge of U with the leaf edge of T corresponding to the label 
i. The leaves of this tree are naturally labelled by the set / Uj J := (/ — {«}) II J. 



I 2 i 3 4 1 2 3 4 




T U 

TUiU 



Note that li T <U then the tree U can be formed, up to isomorphism, by grafting together all of 
the /(-trees Ut for internal vertices t in T. 

Definition 1.6 {A{T)). Let yl be a symmetric sequence. For an /-tree T, we define A{T) to be 
the spectrum 

^(r) := /\A{It). 

t&T 

This smash product is indexed over the set of internal vertices of the tree T and throughout this 
paper we write such indexing as over ^t (zT\ Notice that we have natural isomorphisms 

A{tj) - A{I) 

and 

A{T Ui U) ^ A{T)hA{U). 
Also notice that A{T) does not actually depend on the labelling of the leaves of T by the elements 
of /. In particular, A{T) = A(a*T) for any bijection a : I ^ I'. 
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An isomorphism / between /-trees T and T' determines an isomorphism 

A{f):A{T)^A{T') 

as follows. Each vertex t ^ T corresponds under / to a vertex f{t) € T' . The isomorphism / also 
determines a bijection between the set It of incoming edges of t in T, and the set /jj-^) of incoming 
edges of f{t) in T' . For each t, we therefore get an isomorphism 

A{It)^AiIj^t)). 

Smashing these together over t £ T, we get the required isomorphism A{f). 

Lemma 1.7. Let P be a reduced operad. The assignment T ^ P{T) determines a functor 

P{-) : J{ir ^ Spec, 
for each nonempty finite set I, in such a way that the isomorphisms 

P{TUi U) ^P{T)AP{U) 
are natural in T and U. □ 



Proof. If T/e is the /-tree obtained from T by collapsing the internal edge e, identifying its endpoints 
u,v to a new vertex uov, the operad composition determines a map 

P{Iu) A P(/,) A P(l) A ... A P(l) ^ Piluov) 

which, since P is reduced, determines a map 

P{T) P{T/e). 

If / : T ^ T' is an isomorphism of /-trees, we have an isomorphism 

P(/)-i : P(T') ^ P{T) 

as in Definition 11.61 Since the category T(/) is generated by morphisms of the form T/e — ?> 
T, together with the isomorphisms, these choices are enough to make P{—) into a functor as 
claimed. □ 

Definition 1.8 (Cooperads). A cooperad is a symmetric sequence Q together with decomposition 
maps 

Q{f) : Q{I) ^ Q{J) A l\ Q{Ij) 

for each finite disjoint union / = Wj^jlj, and a counit map Q{1) S, satisfying coassociativity 
and counit axioms. The cooperad Q is reduced if the counit map is an isomorphism. For a reduced 
cooperad Q, the decomposition maps make the assignments T i— )■ Q{T) into functors 

Q(-) : T(/) ^ Spec, 

for each nonempty finite set /, in such a way that the isomorphisms 

Q{TUiU)^Q{T)AQ{U) 

are natural in T and U. A morphism of cooperads is a map of symmetric sequences that commutes 
with the structure maps. We have a category Cooperad of reduced cooperads of spectra. 



We now bring in the simplicial enrichment of the category Spec to define the Boardman-Vogt W- 
construction for operads of spectra (originally from [5]). Berger and Moerdijk [3] have a general 
treatment of this construction in a symmetric monoidal category, of which our version is a special 
case. 
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Remark 1.9. Several of the constructions in this paper depend on the following property of the 
simplicial tensoring in Spec. Let X, y € Spec and K,L ^ sSet*. Then there is a natural isomorphism 

d : A L) A (X A y) ^ A X) A (L A y) 

that satisfies appropriate unit and associativity properties (see [71 1.10]). 

To define the Boardman-Vogt 1^-construction, we actually only need a map in the backward direc- 
tion of this isomorphism to exist. However, for the operadic bar construction in Definition 12. 1|, we 
need a map in the forward direction to exist. To use and compare both the bar and VF-constructions, 
as we do in this paper, we need both these maps to exist and be inverse isomorphisms. 

Definition 1.10 (M^-construction). For an /-tree T, we write 

A[r]:= n 

eGedge(T) 

for the product of copies of the standard simplicial interval A[l], indexed by the internal (i.e. 
non-root and non-leaf) edges of T. If T < T' in T(/), there is a map of simplicial sets 

iT,T' : A[r] ^ A[r'] 

given by setting the 'new' edges in T' (i.e. those that one collapses to form T) to have value 0. 
Thus iT,T' is the inclusion of the cube A[r] as a face of A[r']. Adding a disjoint basepoint, we 
obtain a functor A[— ]-|- : T(/) — )• sSet* for each nonempty finite set /. We also have natural maps 

^lT,^,u : A[T]+ A A[C/]+ ^ A[r U, U]+. 

These are again given by the inclusion of one cube as a face of another. This time the 'new' edge 
(that is, the edge of T Uj C/ where T and U are joined) is given value 1. Notice that A[T] does not 
depend on the labelling of the leaves of T by the elements of /. In particular, A[T] = A[c7*T] for 
any bijection a : / ^ /'. 

Now let P be a reduced operad. We define a new reduced operad WP by 

WP{I) := A[r]+ Ar6T(/) P{T). 

This is a coend calculated over the category T(/) of /-trees. A bijection a : I ^ I' determines a 
map WP{a) : WP{I) ^ WP{r) by identifying the term 

A[T]+ AP(r) 

in the coend for WP{I) with the term 

A[c7,r]+ AP(c7*r) 

in the coend for WP{I'), by way of the identity map between these equal objects. 

The operad structure on WP is given by combining the maps f^T,i,u with the isomorphisms 

P{T) A P{U) ^ P{T Ui U). 

Note that we use the inverse of the map d of ll.Ql to form the operad structure. 

Remark 1.11. Our definition of WP is isomorphic to that denoted W{H,P) by Berger and 
Moerdijk in [3], where H is the 'spectral interval' 

H := S°°A[1]+. 

We often informally think of a 'point' in WP{I) as an /-tree together with lengths between and 
1 for its internal edges, and a decoration for each internal vertex t from the object P{It)- Such a 
tree T with internal edge e of length zero is identified with the tree T/ e with new vertex decorated 
using the composition map for the operad P. 



BAR-COBAR DUALITY FOR OPERADS IN STABLE HOMOTOPY THEORY 



9 



Definition 1.12 (Resolution by the ly-construction) . For an /-tree T and reduced operad P, we 
have maps 



given by the collapse map A[T] — t- * and the operad composition map P{T) P{I)- These are 
natural in T in the appropriate way and so together determine 

r]i : WP{I) P{I). 

The r]T also respect the grafting maps fiT,i,u and we get a map of operads 

7] : WP P. 

Lemma 1.13. Let P be a reduced operad. Then the map r] : WP P o f De finition \ 1.1^ is a weak 
equivalence of operads in the projective model structure. 

Proof. For an /-tree /, define a map of symmetric sequences ^ : P ^ WP by 



Note that is not in general a map of operads. 

The composite : P ^ P is the identity. There is a simplicial homotopy hj- between the identity 
map on A[r] and the constant map A[T] A[r] to the point (0, ... ,0) of the cube A[r]. The 
homotopies Ht can be chosen naturally in T and determine a homotopy between the identity on 
WP and the composite ^r] : WP — )■ WP. It follows that C is a simplicial homotopy inverse to tj in 
the category of symmetric sequences. In particular, 77 is a weak equivalence in the projective model 
structure. □ 



We now consider the bar and cobar constructions for operads and cooperads of spectra. These 
were defined in [7] and are topological versions of the algebraic constructions of Getzler and Jones 
[13]. Up to duality, they correspond to the 'dg-dual' construction of Ginzburg and Kapranov [T5t 
§3]. The main aim of this section is show that the cobar-bar construction CBP, for an operad P, 
is weakly equivalent, in the category of operads, to the VF-construction WP. This improves on a 
result of the author and Greg Arone [H 20.3] where we constructed such an equivalence at the level 
of symmetric sequences. 

In this paper we use a slightly different description of BP than that in [7]. This version is due to 
Salvatore [26] and the two constructions yield isomorphic cooperads. 

Definition 2.1 (Bar construction). For an /-tree T we define 



Let W(){T) be the sub-simplicial set consisting of the faces where, either, any edge has value 1, or, 
the root edge has value 0. We define 



and think of this as a pointed simplicial set with basepoint given by the quotient point. If |/| = 1, 



7?t: A[r]+AP(r)^P(/) 



Cl : P{I) ^ A[r/]+ A P{ti) ^ WP{I). 



2. The cobar-bar construction for an operad 




w{T) := w{T)/wo{T) 



then w;(r) = 5°. 
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If r < T', there is an inclusion map 

ir,T' -.wiT)^ w{T') 

that identifies w{T) with the sub-simplicial set of w{T') in which the 'new' edges of T' have value 
0. These maps make w{—) into a functor T(/) — )■ sSet*. There are natural isomorphisms 

w{T\Ji U) ^ w{T) X w{U) 

in which the length for the 'grafted' edge in T Uj C/ is assigned to the root edge of U and the length 
for the root edge in T Uj C/ is assigned to the root edge of T. These pass to the respective quotients 
and give us 

VT,i,u ■■ w{T Ui U) w{T) A w{U). 
These maps are well-defined, natural in T and U, and appropriately associative. Finally, notice 
that the simplicial set w{T) does not depend on the labelling of leaves of T by elements of I. In 
particular, w(T) = w{a^T) for any bijection a : / — > /'. 

Now let P be a reduced operad. We define BP to be the reduced symmetric sequence given by the 
coends 

BP{I) ■.= wiT)j^TeT{i)PiT)- 
A bijection a : / ^ /' determines a map BP{I) ^ BP{I') by identifying the term 

w{T) A P{T) 

in the coend for BP{I) with the term 

u)(cj*r) A P(a*r) 

in the coend for BP{I') via the identity map between these equal objects. 

We give BP a reduced cooperad structure by combining the maps fT^i^u above with the isomor- 
phisms 

P{T Ui U)^P{T) AP{U). 

Here we need the maps d of 11.91 

Remark 2.2. We often think informally of a 'point' in BP{I) as an /-tree T with lengths between 
and 1 assigned to its internal edges, and to its root edge, together with a decoration for each 
internal vertex t from the object P{It)- Trees in which the root edge has length 0, or any edge has 
length 1, are identified with the basepoint in BP(I). A tree in which an internal edge has length 
is identified with the tree obtained by collapsing that edge and using the composition in the operad 
P to decorate the new vertex. 

We now define the cobar construction for a reduced cooperad. To do this we employ the 'reverses' 
of the simplicial sets w{T). 

Definition 2.3 (Reverse of a simplicial set). The simplicial indexing category A has an automor- 
phism R that sends a totally ordered finite set to its 'opposite', that is, the same set with the 
opposite order. For a simplicial set X, the reverse of X, denoted X''^^ is the simplicial set X o R. 

Definition 2.4 (Cobar construction for cooperads). Given a reduced cooperad Q, we define its 
cobar construction CQ to be the symmetric sequence 

CQ{I) := Map3^gT(/)(^(r)"\Q(r)). 

This mapping spectrum is an 'end' calculated over the category T(/). The notation Map(— ,— ) 
refers to the cotensoring of Spec over pointed simplicial sets. We make CQ into a reduced operad 
by combining the reverses of the maps i'T,i,u with the isomorphisms 

Q{T) AQ{U)^Q{T \Ji U). 
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Here we also require maps of the form 

d* : Map{K, X) A Map(L, Y) Map(K AL,X AY) 

for simplicial sets K, L and spectra X, Y. These can be constructed from adjoints of the maps 
labelled d in Remark 11.91 

Remark 2.5. Since the tensoring of spectra over simplicial sets factors via geometric realization, 
it makes no actual difference to CQ that we use w{Ty^^ instead of w{T). The simplicial sets X 
and X''^^ have homeomorphic realizations. However, we need to use the reversal to relate the cobar 
and bar constructions to the M^-construction at the simplicial level. 

Remark 2.6. Informally, we think of a point in CQ{I) as an assignment of a label x S Q{T) to 
each tree T € T(/) whose internal and root edges have lengths between and 1. If any edge in T 
has length 1, or if the root edge has length 0, we assign the basepoint in Q{T). If an internal edge e 
in T has length 0, the assigned label in Q{T) should be the image under the map Q{T/e) Q{T) 
of the label assigned to the corresponding tree based T/e with edge lengths the same as in T. 

Definition 2.7 (Cobar-bar construction). Let P be a reduced operad of spectra. The cobar- 
bar construction on P is the reduced operad CBP formed by applying the cobar construction of 
Definition 12.41 to the cooperad BP. 

We are now in a position to state the first main result of this paper: this is that, if P is suitably 
cofibrant, CBP is weakly equivalent to P in the category of reduced operads. We prove this result 
by constructing a natural weak equivalence of operads 

e : WP CBP. 

This result should be compared to a theorem of Berger-Moerdijk [3l 8.5.4] that, in the case of 
operads of chain complexes, WP and CBP are isomorphic. We describe the connection explicitly 
in Remark 12.121 below. 

Informal Definition 2.8. Informally, we can think of the map 9 in the following way. Start with 
a point X € WP{I), that is a tree T whose internal edges have lengths between and 1, together 
with a point p G P{T). To define the point 0[x) € CBP{I), we have to assign, for each /-tree U 
whose internal and root edges have lengths between and 1, a point in 9{x)u € BP{U). Such a 
point in BP{U) is, informally, a sequence of points, 9{x)u S BP{Iu) for each vertex u of U, where 
lu is the set of incoming edges of u. 

Firstly, if C/ ^ T, we choose 9{x)u to be the basepoint in BP{U). If instead U < T, then each 
vertex u oi U corresponds to a fragment Tu of the tree U in such a way that T is obtained by 
grafting all the trees Tu together. The required point 9{x)u G BP{Iu) is based on the tree Tu- Such 
a point requires a label from P{Tu). This label is obtained from the original point p G P{T) which 
is itself equivalent to a sequence of points, one in P{Tu) for each u. All that remains now is to 
specify the lengths of the internal and root edges of the trees that underlie the points 9{x)u- 
These depend on the corresponding lengths in the trees T and U . 

If e is an internal edge of T^, then it corresponds to a unique internal edge of the original tree T 
and we give it the same length. If e is the root edge of T^, then it corresponds both to an edge in 
T (say with length t), and to an edge in U (say with length s), namely the outgoing edge of the 
vertex u. In this case, we give e length max(t — s, 0). Finally, if e is the root edge of where u is 
the root vertex of C/, then e corresponds to the root edge of T which does not have a length. In this 
case, we act as though that root edge had length 1 and give e length 1 — s, where s is the length 
of the root edge of U . The following picture illustrates an example of the map 9 which hopefully 
clarifies the above description. 
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It remains to check that this definition reahy does give a well-defined operad map 6 : WP — ?• CBP. 
Instead of doing this now, we give a more formal definition of the map 9 and verify that this is 
well-defined. Our definition relies on certain maps of simplicial sets which we now define. 

Definition 2.9 (The basic maps). Define a map of simplicial sets 

h : A[l] X A[l]^"^ ^ A[l] 

whose realization is the map (t, s) i— t- max(t — s, 0) by the following picture: 

(0,1) (1,1) 




A[l] X A[l]-- A[l] 

(t, s) I > max(t - s, 0) 

Also let r denote the 'reflection' 

r : A[l]^"^ ^ A[l] 

whose realization is the map 

S I— 7- 1 — s. 

It is to allow for the definition of the maps r and h that we have to be careful with the orientations 
of our intervals, using reversals in the definition of the cobar construction. 
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Definition 2.10 (Formal definition of 6). Fix a nonempty finite set /. Suppose T,U ^ with 
U < T and recall that we write T„ for the fragment of T that collapses to the vertex u of U. The 
map 9 is, at its heart, based on maps of simplicial sets of the form 



This is a quotient of a map of cubes 



eT,u ■■ A[T] X ^ J] «;(r„). 

The target of 6t,u is a product of copies of A[l] indexed by all the internal and root edges of the 
trees Tu for all internal vertices u & U. We define 9j;u component by component: 

• an internal edge e of T„ corresponds to a unique internal edge e of T and we choose the 
component of 9t u corresponding to e to be the projection onto the corresponding copy of 
A[l] in A[r]; 

• if It is not the root vertex of U, then the root edge e of T„ corresponds to an internal edge 
of T and an internal edge of U (the outgoing edge from u). In this case, we obtain the 
relevant component of Ot^u by projecting onto the copy of A[l] x A[l]''^" in A[T] x w{Uy^'' 
determined by these edges, and by applying the map h of Definition 12. 9j 

• if is the root vertex of U, then the root edge of Tu corresponds to the root edge of U, and 
we obtain the relevant component of 9t,u by projecting onto the copy of A[l]''^^ in w{Uy^'^ 
corresponding to this edge, and then applying the refiection map r of Definition | 



Now let P be a reduced operad. Using 9t,u and the isomorphism P{T) — > /\u^u P{Tu) we obtain 
a map 

A[T]+ A P{T) ^ Map lw{UY'\ f\ w{Tu) A P(r„) J . 

These are natural in T, [/ € T(/) (see the second step in the proof of 12. Ill below) and so we obtain 
a single map 

A[r]+ At P{T) ^ Mapt; [wm^\ /\ w{Tu) AT„eT(/„) P{Tu)\ 

\ u£U / 

which is the required 

9{I) : WP{I) CBP{I). 
These respect the relabelling on trees so form a map of symmetric sequences 

9 : WP CBP. 

Proposition 2.11. The construction of Definition \2. iOl produces a well-defined morphism of oper- 
ads 9 : WP CBP, natural in P. 



Proof. The first step is to check that 9t,u does pass to the quotient and defines 9t,u as claimed. 
To explain this, it is simpler to use 'topological' language by referring to 'points' in the cubes A[T] 
and w{Uy^^ as though we had taken geometric realization. It is also useful to think of these points 
as determining 'lengths' for the edges of the trees T and U . 

If the outgoing edge of the vertex u 'm.U has length 1, then the corresponding root edge in T^ is 
given length 0, so determines the basepoint in w{Tu)- If the root edge of U has length 0, then the 
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root edge of Tr (where r is the root vertex of U) has length 1, so agam determines the basepoint. 
Thus the map 9t,u is well-defined. 

The second step is to check that the maps Ot.u are natural in T and U. This amounts to noticing 
three things: 

• if one of the edges in T not in U has length 0, then the corresponding edge in the relevant 
Tu also has length 0; 

• if one of the edges in T that is in U has length 0, then the corresponding root edge in Tu 
has length and so determines the basepoint; 

• if the edge e inU has length 0, then the corresponding root edge in has the same length 
as its length in T. This is the same as the length it would have had as an internal edge in 
the larger fragment that we would have obtained if U were replaced with the smaller 
tree U/e. 

The third and final step is to consider what happens if T = Ti Uj T2 (with the 'new' internal edge 
of length 1) and U = C/i Uj U2 with Uj < Tj for j = 1, 2. It is easy to check that the map 9t,u is 
then essentially the product of the maps Ot^^Ui ^T2,U2- This ensures that is a map of operads 
as required. □ 

Remark 2.12. We describe the connection between our map 9 : WP CBP and Theorem 8.5.4 
of [3] . The latter states that there is an isomorphism of operads 

W{H, P) ^ CBP 

where P is a reduced operad of chain complexes of ii-modules, H is the following 'interval' in the 
category of chain complexes 

^ R{^o} © Rbi] ^ R{l} ^ ^ . . . , 

and W{H,P) is the Vl^-construction based on the interval H, as defined in [3l §4]. Here C and B 
denote, respectively, the cobar and bar constructions for cooperads and operads of chain complexes, 
as described by Getzler and Jones [H]. 

We leave the reader to check that, using the interval H in place of A[l], the cobar and bar con- 
structions of §2 above yield precisely the algebraic constructions of Getzler and Jones. (This was 
essentially done in [71 9.4] though from a slightly different perspective.) Similarly, using H for the 
Vl^-construction of §1 yields precisely the Berger-Moerdijk version. The construction of the map 9 
in Definition 12.101 then carries over to the algebraic setting to determine a map 

9:W{H,P)^ CBP. 

This construction involves maps of chain complexes that correspond to the maps h and r of Defi- 
nition [231 Note that in the algebraic case H is its own 'reverse', that is, there is an isomorphism 
of chain complexes r : H H that sends 70 to 71 and vice versa. 

Finally, we can see that the map 9 is an isomorphism in this case by comparing its construction to 
the isomorphism described by Berger and Moerdijk in [3l 8.5.4]. 

Returning to the case of spectra, our next goal is to show that ^ is a weak equivalence of operads 
in the projective model structure (when P is suitably cofibrant). We first describe the cofibrancy 
condition required. 

Definition 2.13 (Termwise-cofibrant operads and cooperads). Let A be a reduced symmetric 
sequence, operad or cooperad. We say that A is termwise-cofibrant if, for each nonempty finite set 
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/ with |/| > 2, the object A{I) is cofibrant in the standard model structure on Spec. Note that 
the object A{1) is isomorphic to the sphere spectrum S, hence not cofibrant in the EKMM model 
structure. 

In [H §9] we proved, with Greg Arone, that the category of reduced operads has termwise-cofibrant 
replacements, given by actual cofibrant replacements in the projective model structure. Thus, given 
an operad P, there is a natural weak equivalence of operads 

P ^ P 

where P is termwise-cofibrant. For the rest of this paper, we use this notation (that is, adding 
a tilde) to denote such a termwise-cofibrant replacement. For example, CQ denotes a termwise- 
cofibrant replacement of the operad CQ. 

Proposition 2.14. Let f : P P' be a weak equivalence of termwise-cofibrant operads. Then 
the induced map 

Bf : BP-^ BP' 

is a weak equivalence of termwise-cofibrant cooperads. Dually, let g : Q Q' be a weak equivalence 
of termwise-cofibrant cooperads. Then the induced map 

Cg:CQ^ CQ' 

is a weak equivalence of operads. 



Proof. The first statement is [H 8.5], but we give a slightly different proof that dualizes to the 
second statement. For each nonempty finite set /, the category T(/) is Reedy (see [181 §15]) with 
degree function given by the number of internal vertices in a tree. There is therefore a Reedy model 
structure on the categories of functors T(I) — > Spec and T{I)°p — t- Spec. 

In the Reedy category T(/)°^ every non-identity morphism decreases degree so Reedy cofibrant 
diagrams are just the objectwise cofibrant diagrams. In particular, the diagram P{—) : T(I)°^ — )■ 
Spec of Lemma 11.71 is Reedy cofibrant when P is a termwise-cofibrant operad. Thus / determines 
an objectwise weak equivalence of Reedy cofibrant diagrams P{T) P'{T). 

To see that Bf is a weak equivalence, it is sufficient, by [l8l 18.4.13], to show that the functor 

w{-) : J{I) sSqU 

is Reedy cofibrant, for all nonempty finite sets /. For a given J-tree T, the latching object 

colimtt;(T') 

T'<T 

is the sub-simplicial set of w{T) given by those faces of w{T) the correspond to some internal edge 
having length 0. To see this, note that for T' < T" < T, the map w(T') — > w{T") is an inclusion 
of simplicial sets. It follows that the latching map 

colim?D(T') — 7- U){T) 
T'<T 

is a cofibration of simplicial sets, hence w{—) is a Reedy cofibrant diagram, as required. 

For the second statement, notice similarly that the Reedy fibrant diagrams T(/) Spec are the 
objectwise fibrant diagrams, that is, all the diagrams (since every object in Spec is fibrant). Hence g 
induces a weak equivalence Q{—) Q'{—) of Reedy fibrant diagrams. (Here we use the condition 
that Q and Q' are termwise-cofibrant to ensure that Q{T) — ?> Q'{T) is a weak equivalence.) The 
reversed simplicial sets w{Ty^^ still form a Reedy cofibrant diagram and so, again by |18l 18.4.13], 
Cg is a weak equivalence. □ 
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Theorem 2.15. Let P he a termwise-cofibrant reduced operad in Spec. Then the map 



e : WP CBP 



of Definition \2.10\ is a weak equivalence of operads. 

A significant piece of the proof of this was given in [H 20.3] where, together with Greg Arone, we 
proved most of the following result. 

Proposition 2.16. For a termwise-cofibrant reduced operad P, there is a natural zigzag of weak 
equivalences of symmetric sequences 



Note that this zigzag includes non-operad maps, so does not immediately imply Theorem 12. 151 We 
previously proved this result for the double Koszul dual KKP instead of CBP, though these are 
equivalent under finiteness hypotheses. In section [6] below we prove the full version of Proposition 



In this section we show how Theorem 12.151 follows from 12.161 We do this by considering the tower 
of 'truncations' of the operad P. 

Definition 2.17 (Truncated operads). Let P be a termwise-cofibrant reduced operad. For an 
integer n > 1, the n*'' truncation of P is the reduced operad P<„ given by 



with composition and unit maps equal to those for P except when those maps are forced to be 
trivial. 

We also define the n*'* layer of P to be the reduced operad P=„ given by 



P ~ CBP. 



EH 




P=n{I) : 



= < 



>(/) if|/|=n; 
S if |/| = 1; 
* otherwise. 



V. 



with the trivial operad structure. 



Notice that for n > 2, there is a natural sequence of reduced operads 



P=n ^ P< 



n 



<(n-l)- 



This is a homotopy-fibre sequence of reduced operads in the sense that 



P=„(/)^P<„(/)^P<(„_i)(/) 



is a homotopy-fibre sequence of spectra whenever |/| > 2. 
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Now consider the following diagram of spectra 

WP=n{I) > CBP=n{I) 



(*) WP<n{I) > CBP<niI) 



WP<(n-l){I) CBP^^r.^,){I) 

where |/| > 2. The left-hand column is a homotopy- fibre sequence of spectra by Lemma ll.l3i The 
right-hand column is a homotopy-fibre sequence of spectra by Proposition 12.161 

We now show that the top horizontal map is a weak equivalence for any n > 1 and any nonempty 
finite set /. From this we deduce, by induction on n, that 9 is an equivalence for any P<n- 

In fact, we prove that 9 : W A — )• CBA is a weak equivalence for any termwise-cofibrant A with a 
trivial operad structure. We first show by another means that CBA is equivalent to A when A is 
trivial, and then show this equivalence is compatible with 9. 

Definition 2.18. For a reduced symmetric sequence A, we write VLA for the reduced symmetric 
sequence with 

nA{I) :=Map((5i)^^\^(/)) 
and TiA for the reduced symmetric sequence 

:= 5^ A^(/), 

for finite sets / with |/| > 2. In both cases is the simplicial circle A[1]/(9A[1]. 

Lemma 2.19. For a termwise-cofibrant trivial reduced operad A, there is a weak equivalence of 
operads 

e : CBA nT.A 

where the reduced symmetric sequence ^IHA is given the trivial operad structure. 

Proof. Because the operad structure maps in A are trivial, BA{I) splits up as 

BAil) - \/iw{T)/w,{T))AA{T) - V(^^)(^) 

[T] [T] 

where wi{T) is the subspace of w{T) given by the faces where one of the edges of the tree T is 
assigned length 0. Here the wedge product is taken over isomorphism classes of trees in T(/). 

If U is another /-tree, then we get from this 

BAiu)^ V (s^)(r)^ n (^^)(^) 

[T]>[U] [T]>[U] 

where the wedge and product are over isomorphisms classes of T such that T >U. Now we showed 
in the proof of Proposition 12.141 that w{—y^'^ is a Reedy cofibrant T(/)-diagram of simplicial sets. 
It follows that we have a weak equivalence 

ei ■■ CBA{I) ^ Map^gT(7) J] (^^)(^) 

V [T]>[U] 
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The latter object is isomorphic to 

^Map(«)(^)-^(s^)(^)). 

[T] 

The only T for which id(Ty^^ is not contractible is T = t/. The projection from this product onto 
the term for T = tj is therefore a weak equivalence. The composite of this projection with ei is 
our weak equivalence e. 

It remains to check that e is a morphism of operads where n,T,A is given the trivial operad structure. 
From the definition of the operad structure on CBA, nontrivial products act trivially on the tree 
T/, so under e map trivially to il.T,A. □ 

Now we can complete the proof of our main result. 

Proof of Theorem \2.15[ First notice that if |/| < n, then 

WP{I) ^ WP<n{I), CBP{I) ^ CBP<n{I) 

so it is sufficient to prove that 9 : WP<n CBP<n is a weak equivalence for all n. We do this 
by induction on n using the diagram (*). This reduces to proving that 6 : W A CBA is a weak 
equivalence for a trivial reduced operad A. 

We claim that there is a commutative diagram of symmetric sequences 

WA -^-^ CBA 

A — ^ QEA 

The bottom horizontal map is adjoint to the 'fiip' map 

r AA: {S^y^'' AA^ AA 

determined by the refiection r : (S^Y^'^ S^. This is a weak equivalence, for termwise-cofibrant 
A, since Spec is a stable simplicial model category. 

To check that (**) is commutative, consider WA for a trivial operad A. This splits up as 

WA{I)^ y [A[T]/Ao[T]]AA{T) 
tgt(/) 

where Ao[r] is the subspace of the cube A[r] consisting of the faces for which one of the internal 
edges of T is assigned length 0. The map rj is the collapse onto the factor for T = tj. 

Following through the definition of 6 and e, we see that the composite 

WA{I) CB{I) 

is the trivial map on all the terms for which T ^ ti. For the term T = r/ it is the fiip map 
r* : A{T) — )> OSyl(/). Thus the diagram commutes. 

Since all the other maps in the diagram (**) are weak equivalences, it follows that is also a weak 
equivalence. This completes the proof of Theorem 12.151 □ 
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We have now shown that a reduced operad P can be recovered, up to weak equivalence, from its 
bar construction BP together with the cooperad structure. In the next section we answer the dual 
question: can a reduced cooperad Q be recovered from its cobar construction CQ7 One might hope 
to do this by dualizing the approach of this section and construct weak equivalences of cooperads 
of the form 

BCQ ^ ^ Q 

where W^Q is a 'co-M^-construction' for cooperads. However, the 1^-construction does not dualize 
immediately. This is because there is no dual version of the isomorphism d of Remark 11.91 In 
Definition 12 . 41 we used a map d* that is dual to the map d, but d* is not in general an isomorphism. 
We would need an inverse to d* to form the 'co-VF-construction'. 

In the next section, we solve this problem by expanding our notion of a cooperad slightly. This 
change allows for the existence of W^Q and of the weak equivalences relating it to Q and BCQ. 

3. A MODEL FOR THE HOMOTOPY THEORY OF COOPERADS 

In this section we describe a model category PreCooperad that contains the category Cooperad of 
reduced cooperads as a full subcategory. Every 'pre-cooperad' is weakly equivalent, in this model 
structure, to a termwise-cofibrant cooperad. We extend the cobar construction C from cooperads 
to pre-cooperads and show that C is the right adjoint of a Quillen equivalence between Operad 
(with the projective model structure) and PreCooperad. The left adjoint is not precisely the bar 
construction, but is equivalent to it (at least on cofibrant operads). 

Remark 3.1. Our results apply to operads in other models for the stable homotopy category. 
For example, Kro |21j has shown that the category of operads in orthogonal spectra inherits a 
projective model structure (from the positive stable model structure on orthogonal spectra). There 
is a Quillen equivalence between this model category and a corresponding model structure on pre- 
cooperads in orthogonal spectra. Gutierrez and Vogt [17j have done the same thing for symmetric 
spectra using work of Elmendorf and Mandell [10] . 

We start by describing the category PreCooperad. For this we need to collect all the individual sets 
of trees T(/) into a single category, and add in morphisms that correspond to relabelling. 

Definition 3.2 (The category Tree). Let Tree denote the category whose objects are the /-trees 
for all finite sets / with |/| > 2, and for which a morphism T T', where T G T(/) and T' G T(/'), 
consists of a bijection a : I ^ I' such that (T^T < T' in T(I'). Composition in Tree is composition 
of bijections - this is well-defined because if a^T < T' and p^T' < T" then p^a^^T < T" . 

Definition 3.3 (Pre-cooperads). A pre-cooperad Q consists of a functor 

Q{—) : Tree Spec 

and natural maps 

mT,i,u : Q{T) A Q{U) ^ Q{T U, U) 

where T G T(/), U G T(J) and i ^ I. The maps mT,i,u required to be associative in an 
appropriate sense. A morphism of pre-cooperads Q ^ Q' consists of natural transformations 
Q(T) Q'{T) that commute appropriately with the maps mT,i,u- We thus obtain a category 
PreCooperad of pre-cooperads and their morphisms. 

Example 3.4. In Definition ll.Sl we saw that any reduced cooperad Q determines a pre-cooperad via 
Definition 1 1.61 In this case the maps mT,i,u are all isomorphisms. Conversely, given a pre-cooperad 
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Q in which the maps mx^i^u are isomorphisms, we can define a reduced cooperad, which we also 
denote Q, by setting Q{I) := Q{tj). The decomposition maps are then given by the composites 

Q{I Ui J) = Q{tiu,j) ^ Q{ti Ui Tj) ^ Q(tj) a Q(tj) = Q(/) A Q{J). 

This construction identifies the category of reduced cooperads with a subcategory of the category of 
pre-cooperads. If the pre-cooperad Q is actually a cooperad, then any morphism of pre-cooperads 
Q Q' is determined by its value on the terms Q{ti). This tells us that the reduced cooperads 
form a full subcategory of PreCooperad. 



In some ways the key observation of this section is that Definition 12.41 of the cobar construction 
CQ does not require that Q be a cooperad. It is sufficient for Q to be a pre-cooperad. 

Definition 3.5 (Cobar construction for pre-cooperads). For each pre-cooperad we define CQ 
to be the reduced operad given by 

CQ{I) :=Map^eT(/)(w^m,Qm) 
with operad composition maps given by combining the vta.u of Definition 12.11 with the mT,i,u of 
Definition 13.31 (As with the original definition of CQ, we are also using the maps d* of Remark 
II. 9[ ) We thus obtain a functor 

C : PreCooperad Operad. 



Our first main goal is to show that C is the right adjoint of a Quillen equivalence between operads 
and pre-cooperads. We start by describing a 'strict' model structure on pre-cooperads, of which the 
model structure we are really interested in is a localization. The strict model structure has weak 
equivalences and fibrations defined termwise. To see that this indeed determines a model structure, 
we introduce 'free' pre-cooperads. 

Definition 3.6 (Free pre-cooperads). We write Spec^*^^^ for the category of functors Tree — )■ Spec. 
For A G Spec^'"", we define G Spec"^'^" by 

¥A{T) := colim f\A{Tu)= \/ f\ A{Tu). 

~ ueU [U]:U<TueU 

This is the colimit calculated over the subcategory of T(/) consisting of the /-trees U with U <T 
and isomorphisms between them. Because there is at most a unique isomorphism between any two 
/-trees, this colimit is isomorphic to a coproduct taken over isomorphism classes of /-trees U with 
U <T. The smash product is taken over all internal vertices u G U and refers to the part of the 
tree T that collapses to the vertex u under the collapse map determined by the inequality U <T. 

Given a morphism cr : T —t- T' in Tree and U < T, we have cr*[/ < (7*r < T' . For u & U, we can 
identify with the piece of fi^T that collapses to the corresponding vertex u of cr^C/. Thus we 
have Tu < and so the functor A determines a map A{Tu) — > ^(T^). Putting such maps together, 
we get a map 

¥A{T) ¥A{T') 

that makes into a functor Tree Spec, and F into a functor Spec"'"''^^ — )■ Spec"'"'^^^. 

We define a monad structure on F by noticing that 

FF^(r) ^ colim f\A(Tu). 

V<U<T 

The composition map FF — > F is given by 'forgetting' the variable V in the indexing set for the 
wedge sum. The unit map A — t- ¥A is given by the inclusions of A(T) as the term corresponding 
toll = Tj. 
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These definitions make ¥A into a pre-cooperad for any A € Spec"'"'^^^ and we refer to ¥A as the free 
pre-cooperad on A. 

Lemma 3.7. The category PreCooperad is equivalent to the category of algebras over the monad 
¥. □ 

Remark 3.8. Interestingly, the free pre-cooperads correspond in some sense to trivial cooperads. 
Let A he a symmetric sequence and extend ^ to a functor Tree — > Spec by setting 



A{T) 

Then we have 



A{I) ii T = Tj for some /; 
* otherwise. 



F^(r) ^ /\ A{it). 

teT 

The pre-cooperad structure maps 

¥A{T) A ¥A{U) ¥A(T U) 

are isomorphisms, meaning that the pre-cooperad ¥A is in this case an actual cooperad. Further- 
more, for any nontrivial T ^ T' (i.e. not just a relabelling) the induced map ¥A{T) — > ¥A{T') is 
trivial so that ¥A is the trivial cooperad based on the symmetric sequence A. 

Proposition 3.9. The category of pre-cooperads is enriched, tensored and cotensored over the 
category of pointed simplicial sets and there is a right proper cellular simplicial model structure on 
PreCooperad in which a map Q ^ Q' is a weak equivalence (or, respectively, a fibration) if and only 
if Q(T) — > Q'{T) is a weak equivalence (respectively a fibration) in Spec, for each T £ Tree. We 
refer to this as the strict model structure on the category of pre-cooperads. These weak equivalences 
are the strict weak equivalences of pre-cooperads, and these fibrations are the strict fibrations. 



Proof. The proof of this is virtually identical to the proof that the category of operads in Spec 
has a projective model structure. (See [H Appendix] which follows the approach of EKMM [9l 
VII].) Replace the category of reduced symmetric sequences Spec^+ with the category Spec"'"''^^, 
and replace the free operad functor F with the free pre-cooperad functor F. □ 

The following lemma is also useful. 

Lemma 3.10. Let Q be a strictly- cofibrant pre-cooperad. Then Q is termwise-cofibrant, that is 
Q{T) is a cofibrant spectrum for all T G Tree. 

Proof. This is the analogue of [H 9.14]. The proof relies of the analogue of the 'Cofibration Hy- 
pothesis' for pre-cooperads. (See [H A. 11].) □ 

The model structure on pre-cooperads that we are really interested in is a right Bousfield localization 
of the strict model structure, in the sense of Hirschhorn [18\ 3.3.1]. Its weak equivalences are 
detected by the cobar construction. 

Definition 3.11 (C-equivalences). A morphism Q ^ Q' of pre-cooperads is a C-equivalence if it 
induces a weak equivalence CQ ^ CQ' of operads. 

Proposition 3.12. The C-equivalences of Definition \3.11\ and strict fibrations of Proposition fXPI 
determine a right proper cellular simplicial model structure on the category PreCooperad. We refer 
to this as the C-model structure. 
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Proof. This is an application of the locahzation machinery of Hirschhorn. See Theorem 5.1.1 of 
|18| . It is sufficient to show that the class of C-equivalences of pre-cooperads is equal to the class 
of i^-colocal equivalences for some set K of pre-cooperads. 

For n G Z, define J„ : Tree Spec as follows. For an /-tree T, let 

where S/ is the symmetric group on the set I, and 5" is a cofibrant model for the n-sphere spectrum 
in Spec. A morphism o" : T ^ T' in Tree determines a map w{T) = w{(j^:T) w{T') and the 
bijection a : I ^ I' determines a map S/ — ?• S//. Combining these, we get the necessary map 
Jn{T) — > Jn{T'). We take K to be the set of free pre-cooperads {FJ„ | n € Z}. 

For a pre-cooperad Q, we have 

HompreCooperad (IF Jn,(5) — Homjree (<Ai, <5) 



oo 



nHomrgT(fc)(^(r)AS,",Q(r)) 
fc=l 

oo 

lliiom{S^,CQ{k)) 



k=l 

oo 



k=l 

A morphism of pre-cooperads Q ^ Q' is therefore a if-colocal equivalence if and only if the maps 

}iom{S^,CQ{k)) Rom{S^,CQ'{k)) 

are weak equivalences of simplicial sets for all k > l,n G Z. This is the case if and only if 
CQ{k) CQ'{k) is a weak equivalence of spectra for all k >1, that is, if and only if Q ^ Q' is a 
C-equivalence. □ 

Definition 3.13 (Left adjoint to the cobar construction). Given /-trees T, f/, we define a pointed 
simplicial set w{T;U) by: 



A„ef/^(rj if[/<r; 
* otherwise. 



w{T-U) :-- 
For U < U' , we have 

w{T;U) w{T;U') 
given, if U' < T, by smashing together, over u (z U, the maps 

1/ : w{Tu) /\ w{Tu') 

of Definition EH 
If r < T', we have 

w{T; U) w{T'- U) 
given, if [7 < T, by smashing together, over u & U, the maps 

L : w(Tu) w{T'J. 
These maps make w{—; — ) into a functor T(/) x T(/) sSet*. 

We also have isomorphisms 

f^T;U,T';U' : w{T; U) A u)(T'; U') ^ w{T T'; U Ui U'). 
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Now let P be a reduced operad. We define a pre-cooperad BP by 

MP{T) :=^(T;C/)-^A^eT(/) P{U). 

The pre-cooperad structure rnaps come from combining the isomorphisms fJ^T;U,T';U' above with the 
isomorphisms P{U) A P{U') ^ P{U Uj U'). These constructions determine a functor 

B : Operad — )• PreCooperad. 

Lemma 3.14. The functor M : Operad — > PreCooperad is left adjoint to the cobar construction C : 
PreCooperad Operad, and (B,C) is a Quillen adjunction between the projective model structure 
on Operad and the C-model structure of Proposition [3AE on PreCooperad. 



Proof A map of operads (j) : P ^ CQ gives us maps 

P(/)^MaprgT(/)(")(r)^^\Q(T)) 
which are adjoint to maps, natural in T, 

(*) ^PT-.wiTY'" ^P{I)^Q{T) 

li U <T, we can smash together maps of the form (*) for each to get 

^T,u : w{T; A P{U) ^ f\ Q{Tu) ^ Q{T). 

ueu 

If {/ ^ T, we take 4'T,u to be the trivial map. We now claim that the (j)T,u determine a map 
(p^ : BP(T) — )• Q{T). To see this we must check that the following diagram commutes 

w{T- Uy^" A P{U) 

(t>T,U 



w{T- Uy^"" A P{U') Q{T) 




w{T; UT" A P{U' 



when U < U'. This follows from the hypothesis that (p is a map of operads. Finally, it is easy to 
check that the (;/)* form a map of pre-cooperads 0* : BP — )■ Q. 

Conversely, a map of pre-cooperads ip : BP — t- Q determines maps 

V'T,., : w)(r,T,)-^ AP(/) ^Q(r) 

and hence, since w{T,tj) = w{T), maps 

^P* :P{I)^Map{iviTy'\Q{T)). 

These combine to form maps 

^pf : P{I) ^ CQ{I) 
which make up a map of operads tp"^ : P — )■ CQ. 

The cobar construction C preserves all weak equivalences by definition of the C-model structure. 
If (5 —5- Q' is a fibration of pre-cooperads, then in particular, Q{—) — )• Q'(— ) is a Reedy fibration 
of T(/)-indexed diagrams of spectra, for each I (since these too are determined termwise, see the 
proof of Proposition [2714]). In l2.14l we also saw that u!{—y^^ is a Reedy cofibrant diagram. It follows 
by |18^ 18.4.11] that Mapj, (^w (Ty^^ , —) takes Reedy fibrations to fibrations of spectra. Hence C 
also preserves fibrations and hence trivial fibrations. Thus (B,C) is a Quillen pair. □ 
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Remark 3.15. In the context of operads of chain complexes over a commutative ring R, Getzler 
and Jones |14j show that the cobar and bar constructions form an adjunction between categories of 
operads and cooperads in which the cobar construction C is the left adjoint. The constructions of 
this section can be apphed to the algebraic case and so C is also a right adjoint as a functor from 
pre-cooperads to operads. Note that limits and colimits of cooperads are very different depending 
on whether they are calculated in the category of pre-cooperads or cooperads. 

Definition 3.16 (The co-VK-construction). In order to show that the pair (B,C) is a Quillen 
equivalence we need a version of the VK-construction for pre-cooperads. 

Let T < U he /-trees. We then write 

A[U;T]:= J] 

edge((7)-edge(T) 

This is a product of copies of the reversed simplicial interval indexed by those edges of U that are 
contracted in T. li T <U < U', we have a map of simplicial sets 

iu,u' ■■ A[U;T]^A[U';T] 

given by assigning value to the edges of U' that are contracted in U. Alternatively, iiT' <T <U, 
we have a map 

jT,T':A[U;T]^A[U;T'] 

given by assigning value to the edges of U that are contracted in T' but not T. Both of these 
maps are the inclusions of faces in a simplicial cube. We also have relabelling isomorphisms 

a# : A[U;T]^A[aM,a^T] 

for a bijection a : I — > I' and a grafting map 

//i : A[C/U, U';TUi T']^A[U-T] x A[U';T']. 

Both the fj^ and fii are natural with respect to the iu,U' and jt,T' • 

Let Q be a pre-cooperad. We define the co-W -construction on Q to be the pre-cooperad W^Q 
given on T G T(/) by 

W^QiT) := MapT<uiA[U;TY^\QiU)). 

The object W'^Q{T) is an 'end' for diagrams indexed by the subcategory of T(/) consisting of trees 
U with T < U. The maps ju,U' above make A[— ;T]!^" into such a diagram of simplicial sets and 
the pre-cooperad Q restricts to such a diagram of spectra. 

The maps jt,T' and (T# above determine maps W^Q{T') — >■ W'^Q{T) that make W^Q into a functor 
Tree Spec. Combining the maps /ij above with the structure maps for the pre-cooperad Q, we 
obtain maps 

WQiT) A W^Q{T') WQiT Ui T') 
that make W^Q into a pre-cooperad. 

Definition 3.17 (The co-VF-resolution map). We construct a natural map of pre-cooperads 

r?* : Q ^ WQ. 

For T < [/, we have maps 

Ap-^TY^" ^Q{T)^Q{U) 

given by contracting the cube A[C/;r] to a point and combining with the map Q{T) — ?> Q{U). 
These are natural in T and U. Their adjoints 

QiT)^Map{A[U;TY^\QiU)) 



BAR-COBAR DUALITY FOR OPERADS IN STABLE HOMOTOPY THEORY 
combine to form a map 

V*T ■■ Q{T) ^ W'Q{T) 
and these make up a map of pre-cooperads Q — )• W^Q. 
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Lemma 3.18. The map rj* : Q W^Q of Definition \3A1 is a strict weak equivalence of pre- 
cooperads. 



Proof. We construct a simplicial homotopy inverse to rj^ from maps 

Ct : W''Q{T)^Q{T). 

These are given by projecting from W'^Q{T) onto the term U = T and using the isomorphism 

MMA[T;TY^\QiT))^Q{T). 

The composite 



QiT) ^ W'QiT) ^ Q{T) 



is the identity, and the composite 



W^Q{T) % Q{T) % W^Q{T) 

is simphcially homotopic to the identity. The homotopy is made from deformation retractions of 
A[C/; r] onto the point where all edges have value 0. These retractions can be chosen to be natural 
in U . It follows that 77^ : Q{T) — )■ W^Q{T) is a weak equivalence for all T as required. 

Notice that the maps Ct ^'^^ natural in T, that is, we have an objectwise weak equivalence Q* : 
W^Q —7- Q in Spec^*^^^. However, C,* is not in general a map of pre-cooperads. □ 



We now relate the co-W^-construction to the bar-cobar construction by constructing a map of pre- 
cooperads 

6* : BCQ WQ. 

This is more-or-less dual to the construction of the map 9 : WP — )■ CBP in Definition 12.101 

Definition 3.19 (The map of pre-cooperads BCQ W^Q). For an /-tree T and any operad P 
we have 

BP{T) = f\ w(Ut) At;,6T(/0 P{Ut) 



At<uP{U). 



In particular, this gives 

BCQ{T)^ f\w{Ut 
.teT 

which has a natural map, for each V > U to 



At<u a Map^.„gT(/„)(^(K"'),Q(K)) 



.teT 



AT<c/Map [ A wiVuy'^QiV)] . 

\u&U J 



To define a map from here to 



WV{T)=MapT<v(.^[V;TY^\Q{V)) 
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it is sufficient to give, for each U with T <U <V , a. map of simpUcial sets 

We get such maps by smashing together, over t (z T, the maps 

^l^^V, :A[T4]V-Au;(C/i)^ A ^(^«)"' 

of Definition 12.101 and noticing that 

A[V;T]^ II AiV,]. 
teT 

The necessary checks here are essentially the same as those used in the construction of the map 
6 : WP CBP in Definition 12.101 They amount to checking that the maps O^jjy are natural in 
T,U,V, and respect the grafting maps 



and decomposition maps 
and 



A[V;T] X A[V';T']^A[V U V';TUi T'], 
w{UUi U') w{U)Aw{U') 



w{V U, V) -^w{V) Aw{V'). 
Together these ensure that we have a well-defined map of pre-cooperads 

e* : BCQ W^Q. 

Lemma 3.20. For a pre-cooperad Q, there is a natural C -equivalence of pre-cooperads 

r : BCQ ^ W^Q. 



Proof. The morphism 6* is obtained by composing the map 9* of Definition 13 . 1 91 with the termwise- 
cofibrant replacement map CQ — )■ CQ. To check that 9* is a C-equivalence of pre-cooperads, we 
have to show that it induces a weak equivalence CBCQ CW^Q of operads, that is, of symmetric 
sequences. We have the following diagram of symmetric sequences 



CQ 



WCQ 



-4 CQ 



^ WCQ 



CBCQ > CBCQ CW'Q > CQ 



The map C^* is given by applying the cobar construction C to the natural transformation : 
W^Q — > Q of Lemma 13.181 Since is an objectwise weak equivalence between Reedy fibrant 
diagrams T(/) — )■ Spec, the map C(* is a weak equivalence of symmetric sequences. 
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It is now sufficient to sliow tliat the composite 

V' : CQ — ^ WCQ — ^ CBCQ > CW^Q > CQ 

is a weak equivalence of symmetric sequences. Following through the definitions, we can explicitly 
describe the map V' as follows. For a nonempty finite set /, the map 

tPi : MaprgT{7)(«^(r),Q(T)) ^ M&Y>Tej^i){w{T),Q{T)) 

is determined by the natural maps 

V'T : w{T) w{T) 

that are trivial if T ^ r/ and the identity if T = t/. We then see that ^/ is a weak equivalence of 
spectra by noticing that the considered as a map of T(/)-indexed diagrams, form an objectwise 
weak equivalence between Reedy cofibrant objects. (For T 7^ r/, ipT is a weak equivalence of 
simplicial sets because w{T) is contractible.) Therefore, the map induced by the tpT by applying 

Mapr6T(/)(-,Q(r)) 

is a weak equivalence of spectra. □ 

Combining 13.201 and 13.181 we see that BCQ is naturally C- weakly equivalent to Q. It now follows 
that the derived functors of B and C are inverse equivalences. In turn this allows us to deduce the 
main theorem of this paper. 

Theorem 3.21. The functors IB : Operad PreCooperad and C : PreCooperad Operad form 
a Quillen equivalence between the projective model structure on the category of operads and the 
C -model structure on the category of pre-cooperads. 

Proof. Combining Lemmas 13.201 and 13.181 we see that the cobar construction C has a left inverse 
on the homotopy category. Since Theorem 12.151 tells us C has a right inverse, it follows that C 
induces an equivalence of homotopy categories. Therefore the Quillen adjunction (B, C) is a Quillen 
equivalence. □ 

The C-equivalences in the category of pre-cooperads are still somewhat mysterious as they are 
defined indirectly via the cobar construction. In order to add significance to Theorem 13.211 we 
now interpret the homotopy category of pre-cooperads more intrinsically. The key notion here is 
that of a 'quasi-operad' defined below. We show below that the cofibrant pre-cooperads in the 
C-model structure are termwise-cofibrant quasi-operads, and that a map of quasi-cooperads is a 
C-equivalence if and only if it is a strict weak equivalence. It follows that the homotopy category of 
the C-model structure can be identified with the homotopy category of termwise-cofibrant quasi- 
cooperads, with respect to the strict weak equivalences. 

Definition 3.22 (Quasi-cooperads). We say that a pre-cooperad Q is a quasi- cooperad if the maps 

mT,i,u : Q{T) A Q{U) Q{T U, U) 

are weak equivalences of spectra for all T, i, U . Thus a quasi-cooperad is 'almost' an actual cooperad, 
except that the putative decomposition maps are only defined up to inverse weak equivalences. For 
example we have maps 

Q(t3) ^ Q{t2 Ui T2) ^ Q(t2) a Q{t2). 

In particular, any cooperad is a quasi-cooperad. 
The key fact about quasi-cooperads is the following. 
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Proposition 3.23. A map Q ^ Q' of quasi- cooperads is a C -equivalence if and only if it is a strict 
weak equivalence. 



Proof. First note that strict weak equivalences of pre-cooperads are always C-equivalences so there 
is only one direction to do here. Suppose therefore that : Q — )■ Q' is a C-equivalence. We may 
assume without loss of generality that Q and Q' are cofibrant in the strict model structure on 
pre-cooperads. Hence by Lemma 13.101 each Q{T) is cofibrant in Spec. 

We prove that (j)T ■ Q{T) — )• Q'{T) is a weak equivalence by induction on |/| where T G T(J). For 
\I\ = 2, the only possible T is r/. We have 

CQ{I) ^ nQin) 

and hence, since Spec is a stable model category, Ccpj : CQ{I) — > CQ'{I) is a weak equivalence if 
and only if (j)ri : Q{ti) — )■ Q'{ti) is. This completes the base case of the induction. 

Now suppose that (pT ■ Q{T) Q'{T) is a weak equivalence whenever T € T(/) with |/| < n. 
Suppose that \I\ = n and consider T G T(I). If T 7^ r/, then we have T = U L)j V for some trees 
U € T(J) and V G T(i^) where / = J Lij K, and | J|, \K\ < n. By the induction hypothesis, and 
since Q and Q' are termwise-cofibrant quasi-cooperads, we then have the following diagram 

Q{U)^Q{V) Q{T) 

4'u^4'v <t>T 

Q'iU)AQ'{V) Q'{T) 

which implies that (j)T ■ Q{T) Q'{T) is a weak equivalence. 

Finally consider the case T = tj and make the following definitions. Define Qi : T(/) — > Spec by 



QiiT) :-- 

and Qo : T(/) — > Spec by 

Qo{T) :-- 



I * ifr = T7; 



* if T/r/; 
Qin) \iT = Ti. 



We then have a strict fibre sequence of maps of T(/)-diagrams: 

with Q ^ Qqa Reedy fibration. (Recall that Reedy fibrations are precisely the objectwise fibrations 
for T(/)-indexed diagrams.) 

Applying Map'pgj(j)(w)(T), — ) to this sequence we get a fibre sequence of spectra, which we can 
easily identify as 

Mapr(w)(r),Qi(r)) ^ CQ{I) ^ ^Q{ti) 
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where CQ{I) QQ{ti) is a fibration in Spec. In particular, this is a homotopy-fibre sequence. We 
now have a diagram 



Mapr(tt)(r),Qi(r)) > CQ{I) 



C4>i 



QlpTj 



Ma.pT{wiT),Q[{T)) > CQ'{I) 

where the rows are homotopy-fibre sequences of spectra. The left-hand vertical map is an equiv- 
alence by the case T ^ tj, since (p : Qi ^ Q'l is an objectwise weak equivalence between Reedy 
fibrant diagrams. The centre vertical map is a weak equivalence by the hypothesis that (j) : Q ^ Q' 
is a C-equivalence. Thus we deduce that is a weak equivalence and hence so is (prj, again 

using the fact that Spec is a stable model category. □ 

Corollary 3.24. If Q is a quasi- cooperad, then the morphism 

9* : BCQ W^Q 

of Lemma \°j.2U\ is a strict weak equivalence between quasi- cooperads. Thus for a quasi- cooperad Q, 
there is a zigzag of strict weak equivalences of quasi- cooperads 

BCQ ~ Q. 



Proof. Lemma l3. 181 tells us that W^Q is a quasi-cooperad, and BCQ is a cooperad, hence a quasi- 
cooperad. This then follows from Proposition 13.231 and Lemma 13.201 □ 

Corollary 3.25. A pre-cooperad Q is a quasi-cooperad if and only if Q is strictly weakly equivalent 
to a termwise- CO fibrant cooperad. □ 

Proposition 3.26. A pre-cooperad Q is cofibrant in the C -model structure if and only if it is a 
strictly cofibrant quasi-cooperad. 



Proof. By \18\ 5.1.6], the cofibrant pre-cooperads in the C-model structure are the 'i^'-cellular' 
objects (where K is the set of free pre-cooperads defined in Proposition 13.12"]) . The class of K- 
cellular objects is the smallest class of strictly cofibrant pre-cooperads that contains K and is 
closed under strict weak equivalences and homotopy colimits. We therefore claim that the K- 
cellular pre-cooperads are precisely the strictly-cofibrant quasi-cooperads. 

First note that each FJ„ is a quasi-cooperad since Jn{T) is contractible for T ^ ti. (Compare with 
Remark ESI) 

Next we claim that a homotopy colimit of strictly-cofibrant quasi-cooperads is again a quasi- 
cooperad. To see this, notice that we have strict weak equivalences 

hocolimQa ~ hocolim iJCQa — i?(hocolim CQq). 

The first equivalence follows from the fact that a quasi-cooperad Qa is strictly weakly equivalent to 
BCQ a, by Corollarv 13.24] and the fact that the homotopy colimit preserves objectwise strict weak 
equivalences. The second equivalence exists because the bar construction B preserves homotopy 
colimits (it is equivalent to B on cofibrant operads, and B is a left Quillen functor with respect to 
the strict model structure on pre-cooperads). But we have now shown that hocolimQo, is strictly 
weakly equivalent to a cooperad, hence is a quasi-cooperad. 

Finally, the class of quasi-cooperads is closed under strict weak equivalence, so we deduce that the 
class of i^-cellular pre-cooperads is contained in the class of quasi-cooperads. 
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Conversely, let Q be any strictly-cofibrant quasi-cooperad. Let Q be a cofibrant replacement for Q 
in the C-model structure. We have just shown that Q is a quasi-cooperad, so the C-equivalence 
Q — H> Q must be a strict weak equivalence by Proposition 13.231 But Q is iT-cellular so Q must 
also be. □ 

We can now interpret the homotopy category of pre-cooperads directly in terms of quasi-cooperads 
and termwise weak equivalences. 

Corollary 3.27. The homotopy category of pre-cooperads and C -equivalences is equivalent to the 
homotopy category of termwise- cofibrant quasi-cooperads and strict weak equivalences. 

Proof. The homotopy category of pre-cooperads is equivalent to that of the cofibrant-fibrant pre- 
cooperads, that is the strictly cofibrant quasi-cooperads. By Lemma 13.101 a strictly-cofibrant 
quasi-cooperad is termwise-cofibrant. For quasi-cooperads C-equivalences are always strict. □ 

Remark 3.28. Any quasi-cooperad Q has a 'rigidification', that is, is strictly weakly equivalent to 
an actual cooperad, namely BCQ. However, there is no reason to believe that morphisms in the 
homotopy category of quasi-cooperads can be realized by zigzags of maps of actual cooperads. For 
example, even when Q is a cooperad, the equivalence between the cooperads BCQ and Q passes 
through the quasi-cooperad W^Q. 

We conclude this section by noting that the various functors we have between operads and (pre-) 
cooperads are simplicial. In particular this means that they determine equivalences of derived 
mapping spaces, not just equivalences of homotopy categories. 

Lemma 3.29. The functors B : Operad — )• PreCooperad, B : Operad — > PreCooperad and C : 
PreCooperad Operad are simplicial with respect to the standard simplicial structures on these 
categories. The adjunction between B and C is simplicial in the sense that there are natural iso- 
morphisms of simplicial sets 

Homoperad CQ) = HompreCooperad (IBP, Q) • 

for an operad P and pre- cooperad Q. 

Proof. To show this we take advantage of the fact that the simplicial cotensoring in both the 
categories Operad and PreCooperad is done termwise using the diagonal on a pointed simplicial set. 
To show that B is simplicial, it is sufficient to construct, for X € sSet* and P G Operad, natural 
maps of pre-cooperads 

B Map(X, P) Map(X, BP), 
that reduce to the identity when X = S^. At a nonempty finite set /, we define such a map by 

wiT) AreTH) A Map(X,P(/t)) ^ w{T) AreT{/) Map(/\ X,P{T)) 
teT t&T 

^w{T) AreT(/) Map(X,P(r)) 
^Map(X,tD(r) AreTii) PiT)) 

where the first map smashes together the spectra Map(X, P(/j)), the second uses the diagonal 
X — )> f\^^rpX, and the third comes from the appropriate adjunctions. The reader can check that 
these maps do indeed determine a natural map of pre-cooperads. 

The construction is virtually identical for B and similar for C. The existence of the claimed 
isomorphism then follows from the form of the simplicial structures for B and C. □ 



BAR-COBAR DUALITY FOR OPERADS IN STABLE HOMOTOPY THEORY 



31 



4. KOSZUL DUALITY FOR TERMWISE-FINITE OPERADS 

The first description of bar-duality for operads of cliain complexes was by Ginzburg and Kapranov 
in |15j . They described this theory purely in terms of operads, using linear duality to avoid any 
mention of cooperads. It is convenient to have a corresponding description in the case of spectra. 

To describe bar-duality using operads alone, we employ Spanier- Whitehead duality to convert 
cooperads into operads. This plays the role that linear duality does in the algebraic setting. Thus 
we define the 'derived Koszul dual' KP of an operad P to be the operad formed by the Spanier- 
Whitehead dual of the cooperad BP. Our main task in this section is to establish that, subject 
to finiteness conditions, the double dual K{K{P)) is equivalent to P. We then also see that K 
preserves simplicial enrichments, homotopy colimits and suitably finite homotopy limits. 

Remark 4.1. It should be pointed out that 'Koszul' dual is not really an appropriate name for what 
we are calling KP. As originally described by Priddy [23], for algebras, and Ginzburg-Kapranov 
|15| . for operads, the Koszul dual in the algebraic setting is a certain minimal model for the (dual 
of the) bar construction. It is much smaller than, but quasi-isomorphic to, the full bar construction 
and, for example, helps us write down explicit resolutions for algebras over operads. In [7] and 
[1] we, used the term 'Koszul dual' to denote the Spanier- Whitehead dual of the bar construction, 
which is the analogue of Ginzburg-Kapranov's 'dg-dual'. Blumberg and Mandell [1] have referred 
to a similar notion for ring spectra as the 'derived Koszul dual'. In the topological case, there does 
not seem to be any obvious analogue of the Priddy/Ginzburg-Kapranov definition of the Koszul 
dual. Since we do not have a better name, we continue this usage. 

Definition 4.2 (Spanier- Whitehead dual of a symmetric sequence). For a spectrum X we write 

DX := Map(X,5) 

where S is the sphere spectrum. Here Map(— , — ) denotes the internal mapping object (that is, the 
closed monoidal structure) in Spec. 

For a symmetric sequence A in Spec, we write HA for the symmetric sequence given by 

(DA)(/):=D(^(/)). 

A bijection a : I ^ I' determines iDA){I) (ID'^)(/') by way of the map : A(/') A{I). If 
A is reduced, then so is 1D)A. We refer to DA as the Spanier- Whitehead dual of A. 

For spectra X, Y there is a natural map 

6* : Map{X, S) A Map(y, S) Map{X AY,S). 

that is a weak equivalence if X and Y are finite, that is, weakly equivalent to finite cell spectra, 
and cofibrant. We use this to observe that the Spanier- Whitehead dual of a cooperad is an operad, 
and hence define the Koszul dual. 

Definition 4.3 (Derived Koszul dual of an operad). Let Q be a reduced cooperad. Then we define 
a reduced operad structure on the Spanier- Whitehead dual OQ with composition maps 

DQ( J) A /\ DQ(/j) A D I Q{J) A /\ Q{Ij) | OQ{I) 

where the second map is induced by the cooperad structure map Q{I) — )• Q{ J) A Q{Ij). This 
construction determines a functor 



D : Cooperad ^ Operad"^ 
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If P is a reduced operad, we define the derived Koszul dual of P to be the reduced operad 

KP := BBP. 

This gives us a functor 

K : Operad ^ Operad"?'. 

Definition 4.4 (Spanier- Whitehead dual of an operad). The Spanier- Whitehead dual of an operad 
is not in general a cooperad, but, suitably interpreted, it is a pre-cooperad, and, under finiteness 
conditions, a quasi-cooperad. For an operad P, we define OP : Tree —?■ Spec by 

(DP)(r) := BP{T). 

This conflicts with Definitions 14.21 and 11.61 in the sense that DP has already been defined as a 
symmetric sequence and this definition of (DP)(T) does not agree with that of 11.61 We hope to 
avoid confusion on this point. 

We make DP into a pre-cooperad with structure maps 

DP(r) A DP(C/) A D(P(T) A P{U)) ^ BP{T U). 

This construction gives us a functor 

D : Operad PreCooperad°P. 

If P is a termwise-finite-cofibrant operad (see 14.71 below), then P{T) is a finite-cofibrant spectrum 
for all T and DP is a quasi-cooperad. 

Lemma 4.5. There is a natural isomorphism of operads 

KP ^ CDP. 

Proof. This is a natural isomorphism 

Map(^(r) AreT(i) P{T),S) ^ Map^gT(/)(^m, Map(P(r), S)) 

constructed from the usual adjunctions. □ 

Remark 4.6. The dual of a cooperad is an operad and the dual of an operad is a pre-cooperad, 
but we do not have dualizing functors in both directions between the same categories - one cannot 
put an operad structure on the dual of an arbitrary pre-cooperad. Of course, we know that any 
pre-cooperad Q is C-weakly equivalent to the cooperad BCQ so the operad DBCQ plays the role 
of the dual of Q. 

We now introduce the finiteness conditions that tell us when a double dual recovers the original 
object. 

Definition 4.7 (Termwise-finite operads). We say that the symmetric sequence A is termwise- 
finite if, for each /, A{I) is weakly equivalent to a finite cell S'-module. An operad or cooperad 
is termwise-finite if its underlying symmetric sequence is. Since it comes up a lot, we say that a 
symmetric sequence (or operad or cooperad) is termwise-finite-cofibrant if it is both termwise-finite 
and termwise-cofibrant. 

Definition 4.8 (Map from a cooperad to its double dual). Let Q be a cooperad. Then there is a 
natural map of pre-cooperads 

Q DDQ 

defined as follows. For an /-tree T, we need to give a map 

Q(r) ^ Map ( /\ Map(Q(/t), S), S J . 

VigT / 
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This is adjoint to the map 

/\ Map(Q(/t),5) ^ Map(/\ Q(/t),S) ^ Map(Q(r),5) 

tGT teT 

that smashes together the Spanier- Whitehead duals. Combining with a cofibrant replacement for 
the operad DQ, we get a map of pre-cooperads 

Lemma 4.9. Let Q be a termwise- finite- cofibrant cooperad. Then the map 
of Definition\4.^ is a strict weak equivalence of pre-cooperads. 



Proof. We have a commutative diagram 

Q(r) Map ( /\ MapiQ (It), S),S 



Map(Map(Q(r),5),5) 

where the tildes denote cofibrant replacement. The right-hand vertical map is an equivalence when 
each Q{It) is finite-cofibrant, and the diagonal map is an equivalence when Q{T) is finite-cofibrant. 
We deduce that dx is a weak equivalence as required. □ 

Proposition 4.10. Let P be a termwise- finite- cofibrant operad. Then there is a natural weak 
equivalence of operads 

d : CBP KKP 

where KP denotes a termwise- cofibrant replacement for the operad KP . 

Proof. By [1; 11.14], BP is a termwise-finite-cofibrant cooperad. Applying Lemma 14.91 we get a 
strict weak equivalence 

BP ^ mBP. 

Applying the cobar construction, we get a weak equivalence of operads 

CBP CBKP ^ KKP 

where the last isomorphism is from Lemma 14.51 □ 

Theorem 4.11. For a termwise-finite-cofibrant operad P, there is a natural zigzag of equivalences 
of operads 

P ~ KKP. 

Proof. This follows from Proposition 14. lUl and Theorem 12. 15[ □ 

Corollary 4.12. The derived Koszul dual construction determines a contravariant equivalence 
between the homotopy category of termwise-finite-cofibrant reduced operads and itself. 
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Remark 4.13. In Remark 12.121 we noted that our definition of the bar construction corresponds 
exactly to the bar-cooperad for an operad P of chain complexes, as described by Getzler and Jones 
[14:\ §2]. Using a linear dual in place of the Spanier- Whitehead dual, our definition of KP similarly 
corresponds exactly to the 'dg-dual' D(P) of Ginzburg and Kapranov [151 §3]- 

Our construction of maps of operads WP — )■ CBP — )• KKP then correspond to maps 

WP CBP D(D(P)). 

As we saw in Remark l2.12l the map WP CBP is an isomorphism of operads of chain complexes, 
and the map CBP — > DDP is an isomorphism as long as the terms in P are finite-dimensional. 
Thus the zigzag of equivalences in Theorem 14.111 reduces, in the algebraic case, to a single quasi- 
isomorphism 

r? : D(D(P)) ^ P 
which, up to signs, is the same as that described in [151 3.2.16]. 

Example 4.14. It follows from work done in the proof of Lemma [2. 191 that trivial and free operads 
are Koszul dual to each other. For example, if A is a termwise-finite-cofibrant symmetric sequence 
with the trivial operad structure, then KA is weakly equivalent to the free operad on the symmetric 
sequence DSj4. Conversely, the Koszul dual of the free operad on A is weakly equivalent to the 
trivial operad fiDA. 

We conclude this section by noting that Koszul duals preserves simplicial mapping spaces of operads, 
as well as homotopy colimits and finite homotopy limits. 

Theorem 4.15. Suppose that P and P' are termwise-finite operads. Then there is a weak equiva- 
lence 

kp^p, : Ito^riOperad(^,^") ^ ^^Oper^d{K P\ K P) 

where Homoperad(— > — ) denotes the derived mapping space in the simplicial model category of op- 
erads. 

Proof. We saw in Lemma 13.291 that the bar and cobar functors are simplicial. The Spanier- 
Whitehead dual construction is also simplicial so the Koszul dual functor K induces a morphism 
kp^pi as claimed. To see that this is a weak equivalence, we consider the following diagram (in the 
homotopy category of simplicial sets): 

"R^^Oper AP.P') — ^ ^^Op^,,^{KP\KP) 

~ ^KP',KP 

H^Operad {CBP, CBP') H^Operad {KKP, KKP') 



^10per^d{CBP,KKP') 

Here the diagonal maps are induced by the equivalences CBP' — > KKP' and CBP — > KKP 
respectively, and the left-hand vertical map by the equivalences P ~ CBP and P' ~ CBP'. 
Showing that the above diagram commutes amounts to checking that our natural maps WP 
CBP — 7> KKP respect the simplicial structures on these functors. This is true and it shows that 
kp^P' is a right inverse to kKP',KP- Replacing P with KP' and P' with KP, we also see that 
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kKP',KP has a left inverse. Hence all the maps in the above diagram are isomorphisms in the 
homotopy category. □ 

Theorem 4.16. Let {Pa} be a diagram of cofibrant reduced operads. Then the natural map 

ir(hocolim Pq,) holim KPq. 

a a 

is a weak equivalence of operads. If the diagram is finite and each Pa is a termwise-finite operad, 
then the natural map 

hocolimi^Pa — )> i^(holimPa) 

a a 

is also a weak equivalence of operads. (Note that the homotopy limits and colimits here are all 
formed within the category of operads, with respect to the simplicial tensoring and cotensoring. In 
particular, the homotopy limits are constructed termwise, but the homotopy colimits are not.) 

Proof. For the first part, it is enough to show that there is a natural weak equivalence 

hocolim BPq ^—^ i?(hocolim Pq,) 

a a 

where the homotopy colimit on the left-hand side is formed in the category of symmetric sequences, 
that is, termwise. Applying Spanier- Whitehead duality yields the claim since the homotopy limit 
in the category of operads is calculated termwise. To obtain the above equivalence, we use the 
fact that the bar construction of an operad P can be identified, as a symmetric sequence, with 
the (termwise suspension of) the derived indecomposables. (Specifically, there is an isomorphism 
BP = Ti'mdecWP.) The indecomposables functor indec is a left Quillen functor (with right adjoint 
the trivial operad functor) and so takes homotopy colimits of operads to homotopy colimits of sym- 
metric sequences. The termwise suspension preserves homotopy colimits, so we have the required 
equivalence. 

The second part follows from the first by applying Theorem 14.111 to each Pa and to holimQ, Pa 
(which is termwise-finite because a finite homotopy limit of homotopy-finite spectra is homotopy- 
finite). □ 

Remark 4.17. We have shown that derived Koszul duality determines a contravariant equivalence 
between the homotopy category of termwise-finite operads and itself. If P is not termwise-finite, 
we do not expect to be able to recover P from KP. Instead, one should replace P with the filtered 
diagram of finite subcomplexes of a cellular replacement P. Applying K objectwise to this diagram 
we obtain a 'pro-operad', that is a cofiltered diagram of operads. One can then recover P from 
this pro-operad by applying K again objectwise and taking the homotopy colimit of the resulting 
filtered diagram. 

One would hope that there exists a contravariant Quillen equivalence between the category of 
operads and an appropriate model structure on the category of pro-operads. Unfortunately, the 
analysis of Christensen-Isaksen [8] for pro-spectra does not apply directly since the projective model 
structure on operads is not left proper. We therefore do not offer such a result. 

5. Examples and Conjectures 

We have one example of bar-cobar duality (beyond the duality between free and trivial operads) 
and various conjectures. 

Example 5.1. Let Com denote the stable commutative operad described in 11.31 In [7] we proved 
that the terms of the derived Koszul dual i^(Com) are equivalent to Goodwillie's derivatives (9*1 
of the identity functor on based spaces - see [E] , [19] , [2] . In [l], with Greg Arone, we gave deeper 
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insight into this resuh, identifying the operad Com with an operad d* formed by the 
Spanier- Whitehead duals of the Goodwilhe derivatives of the functor 

: Spec ^ Spec. 

It fohows from Theorem 14. 1 II that we also have 

Alternatively, if denotes the cooperad dual to then we have an equivalence 

of operads 

where the cooperad structure on comes from the comonad structure on the functor 

Conjecture 5.2. Let C be a siniplicial model category 'in which one can do Goodwillie calculus '. 
(See, for example, Kuhn [22] .J Let T,"^ and denote the 'suspension spectrum' and 'infinite 
loop-space' functors associated to a stabilization of the model category C. The (imprecisely-stated) 
conjecture is that there is a cooperad 

whose terms are the Goodwillie derivatives (in a generalized sense) o/S^Sl^, and an equivalence 
of operads 

djc-C{d,{^^n^)) 

where the terms of d^Ic are the Goodwillie derivatives (also in a generalized sense) of the identity 
functor on C. 

To make proper sense of this conjecture, we need to work with coloured operads of spectra, which 
are outside the scope of this paper. We do expect the form of our results to carry over to that 
setting though. 

Conjecture 5.3. Let P be a reduced operad of spectra and let C be the category of P-algebras in 
Spec. Then the objects described in Conjecture \5.2\ satisfy 

dJc ^ P 

and 

d^{T,^n^) ~ BP. 

We also have conjectures for some of the other operads of spectra described in ll.31 

Conjecture 5.4. Let J^^V^ be the stable little n-discs operad (formed from the suspension spectra 
of the terms in the little n-discs operad of topological spaces). Then there is an equivalence of 
operads 

(*) ~ s-'^S^P,. 

The right-hand side here is an n-fold 'operadic desuspension' ofT,'^T>n. Part of the conjecture is 
that sense can be made of the desuspension construction in such a way that the equivalence (*) 
exists. 

This conjecture is inspired by the corresponding algebraic result of Fresse [11]. In joint work with 
Paolo Salvatore, we have constructed an equivalence of symmetric sequences of the form (*), but 
not an equivalence of operads. As far as we know, the conjecture remains open. 
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Conjecture 5.5. Let Alo,n+i denote the moduli space of genus Riemann surfaces with n + 1 
marked points. Let A^o,n+i denote the Deligne-Mumford compactification of Mo^n+i- (We can 
identify A^o,n+i with the moduli spaces of stable nodal genus curves with n + 1 marked points.) 
Then 7Vlo,*+i is an operad of unbased topological spaces and so has an associated stable operad 

The conjecture is that there is an equivalence of operads 

K{J:^Mo,,+i)c^s~\V2)bs^ 

where the right-hand side is a desuspension of the 'transfer operad' for the S^-action on the little 
2-discs operad constructed by Westerland [27], and mentioned in \l.^Af 3). 

Again this conjecture is inspired by a corresponding algebraic result: see Getzler |13l 4.6]. 

6. Proof of Proposition 12.161 

This section is largely a rewrite of section 20 of PP . The reason for the rewrite is to prove a version 
of Theorem 20.2 of [T] that has no finiteness hypotheses. This more general version specializes 
to Proposition 12.161 which plays an important role in the proof of Theorem 12.151 In this section 
we make extensive use of two-sided bar and cobar constructions for modules and comodules over 
operads and cooperads. These two-sided constructions are described in detail in [7] and we use the 
terminology of §7 of [7j without further reference. One change in notation is that we write T(/) 
for the category of generalized /-trees. This category was denoted by Tree(/) in [7] but that is too 
close to the notation of ^ 

For a reduced operad P, let be a right P-module and L a left P-module. The decomposition 
maps of 13 7.18] associated to the two-sided bar construction determine a natural map 

5 : B{R,P,L) C{B{R,P,1),BP,B{1,P,L)) 

where 1 is the unit symmetric sequence. 

Proposition 6.1. The map 6 is a weak equivalence when R,P,L are all termwise-cofibrant. 

This is a generalization of Theorem 20.2 of [1] in which we have replaced the double Koszul dual 
with the cobar-bar construction and removed the finiteness hypotheses. Proposition 12.161 follows 
by taking R = L = P for the following reasons. As symmetric sequences, we have 

CBP ^ C{1, BP, 1) ^ C{B{P, P, 1), BP, B{1, P, P)) 

The second equivalence here is induced by equivalences of i?P-comodules 1 B{P, P,l), and 
1 B{1, P, P). Bv 16.11 the right-hand side above is equivalent to 

B{P,P,P)c^P 

as a symmetric sequence. 

We prove Proposition 16 . 1 1 by the same method as in the proof of [H 20.2], that is, by induction on 
the truncation tower of the right P-module R. The first step is to show that each side of the map 
6 preserves homotopy- fibre sequences. 
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Lemma 6.2. Let P be a reduced operad and L a left P-module, both termwise-cofibrant. Let 
R R' ^ R" be a homotopy-fibre sequence of termwise-cofibrant right P -modules (i.e. for each 
finite set L, R{I) — )• R'{I) is o- homotopy-fibre sequence of spectra). Then each side of the 

map 5 induces homotopy-fibre sequences of symmetric sequences, when applied to R ^ R' ^ R" in 
the R-variable. 



Proof. The bar construction preserves fibre sequences (which are the same as cofibre sequences) in 
its right module term by Lemma 20.5 of [l]. It is sufficient to show that the cobar construction 
preserves fibre sequences in the right comodule term. Recah from (7j that 

C{-,Q, L){L) = Map^gT(/)(^(^)+' L){T)) 

where T(/) is the category of generahzed /-trees and is a certain diagram of simphcial sets 

indexed by T(/). By a similar argument to that in the proof of Proposition 12.1^ the diagram 
w{ — )j^ is Reedy cofibrant. 

The functor {—,Q,L){I) takes homotopy-fibre sequences of right Q-comodules to homotopy-fibre 
sequences of diagrams T(/) — )> Spec. All the morphisms in the Reedy category T(/) increase 
degree (where the degree is the number of vertices), so homotopy-fibre sequences in the Reedy 
model structure on these diagrams are just the objectwise homotopy-fibre sequences. The mapping 
spectrum construction Mapj,^jf^j-^{w{T)^, —) takes these to homotopy-fibre sequences of spectra, 
as required. □ 



This Lemma allows us to reduce to the case where i? is a trivial right P-module. We next analyze 
the cobar construction in the target of 5 in that case. 

Definition 6.3 (Dual composition product). Given two symmetric sequences A(),Ai, the dual 
composition product Ai 6 Aq is the symmetric sequence with 

(^1 6 ^o)(/) := n ^i^-^) ^ A MW- 

Strictly, the indexing here is over the set of isomorphism classes of surjections from / to another 
finite set J, where f : I ^ J and f : I ^ J' are isomorphic if there is a bijection a : J ^ J' 
such that af = f . This set of isomorphism classes is in one-to-one correspondence with the set of 
unordered partitions of / into nonempty subsets. 

Because the smash product does not commute with products in Spec, the dual composition product 
6 does not define an associative monoidal structure on the category of symmetric sequences. 
However, we can still define objects that play the role of iterations of 6 . Given Aq, . . . ,^n; we 
define the iterated dual composition product by taking 

{AnoAn-l 6 ... 6^1 6 Ao)(/) 

to be 

n A(J("))A /\ ^„_i(jj"^'')A...A /\ Ao{I,). 

The product is indexed by isomorphism classes of sequences of surjections I -» J*-^^ -»...—» J^^^ 
of finite sets. 
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The cobar construction C{S, Q, N), for a right Q-comodule S and left Q-comodule A^, is isomorphic 
to the totalization of a cosimplicial symmetric sequence with fc-cosimplices given by 

k 

' — : — — : — ^ , 

So Q o ... o Q o N. 

The coface maps are determined by the cooperad decomposition on Q and the comodule structures 
on S and N . The codegeneracy maps are determined by the counit map Q ^ 1 for the cooperad 
Q. These are referred to in [71 7.15] and are spelled out in more detail in [6]. 

Lemma 6.4. Let P he a reduced operad, R a trivial right P-module and L any left P-module. 
Suppose that R, P and L are all termwise-cofibrant. Then there is a weak equivalence of symmetric 
sequences 

5' : C{BR, BP, BL) RoBL 
where BR = B{R,P,1) and BL = B{1, P, L). 



Proof. We construct 5' in two steps. First, we claim that there is a levelwise weak equivalence of 
cosimplicial objects 

k k 

. '■' . . '- , 

(*) 



BRo BP o ... o BP o BL 



Ro BP o BP o ... o BP o BL. 



Note that this is not as simple as giving a map BR Ro BL because the iterated dual composition 
product on the right-hand side is not obtained by iterating that on the left with another such 
product. Instead we have to define this term by term. 

First note that 

BR = B{R, P,l)^ Ro B{1, P,l) = RoBP 

because the right P-module structure on R is trivial. The left-hand side of (*) is a product of terms 
of the form 

{R o BP){J^''+^^) A BPijf^) A... 
where / J^^^ is a sequence of surjections of finite sets. 

Each of these terms is a coproduct indexed over surjections — » of terms of the form 

The map (*) can then be defined using the canonical map from coproduct to product: 



n 



j(fe+l)^,j(fe+2) 



n 



»J(fe+l) 



■2)^ 



A 



j(fe+l)^,j(fc+2) 



since the target is now isomorphic to the iterated dual composition product with A; + 3 terms. The 
map (*) as defined is a weak equivalence because for spectra, the map from a finite coproduct to 
the corresponding finite product is a weak equivalence. 
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The weak equivalences (*) determine a weak equivalence on the totalizations: 

S[ : C{BR, BP, BL) Tot(i? o BP o BP o . . . o BP o BL). 

The cosimplicial object on the right-hand side is coaugmented over R 6 BL and has extra code- 
generacies that arise from the 'extra' term. (See [U 1-17].) It fohows that there is a weak 

equivalence 

6'2 : Tot(i? oBPo 'bp 6 6 BP 6 BL) ^ Ro BL. 
Taking 5' = 5'25i gives us the weak equivalence 

5' : C{BR, BP, BL) ^ R oBL 
required of the Lemma. □ 

Proof of Proposition \6.1\ First we verify that 

5 : B{R, P, L) C{BR, BP, BL) 

is a weak equivalence for trivial right P-modules R. To see this, we compose 5 with the weak 
equivalence 5' of Lemma 16.41 Notice also that we have an isomorphism 

RoBL^ B{R,P,L). 

With respect to this isomorphism, 5'5 is the canonical weak equivalence 

Ro BL ^ Ro BL 

from a finite coproduct of spectra to the corresponding product. Since 5' is also a weak equivalence, 
it follows that 5 is a weak equivalence. 

Now consider an arbitrary termwise-cofibrant right P-module R. Recall that we have a 'truncation 
tower' for R (just as we had for an operad P in the proof of Theorem I2.15p . This consists of a 
collection of fibre sequences 

R=n R<n i?<(„„i) 

of right P-modules where R<n{I) is trivial for |/| > n and is equal to R{I) otherwise. The P- 
module structure maps are either equal to those for R, or are trivial as appropriate. The fibres 
R =n are trivial right P-modules concentrated in terms R=n{I) where |/| — n. Applying 6, we get 
a diagram 

B{R=n,P,L) > BiR<n,P,L) > B{R^^^_^),P,L) 



C{BR=n,BP,BL) > C{BR<n,BP,BL) > C {B R^^^.^^^ , B P, B L) 

The rows are homotopy-fibre sequences by lU 20.5] and Lemma |6.2[ The left-hand vertical map is 
an equivalence because R=n is a trivial right P-module. By induction on n, it follows that all the 
vertical maps in such diagrams are equivalences. Finally, since the /-terms of each side of the map 
6 depend only on R{J) for \J\ < \I\, it follows that 6 is an equivalence for all right modules R. □ 
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